ABSTRACT. In this paper , some inequalities between the Wiener , hyper-Wiener , first Zagreb , second Zagreb , first reformulated Zagreb , second reformulated Zagreb and the general Zagreb indices of a simple graph are given . Our results improve some earlier bonds between these graph invariants .
INTRODUCTION
A graph is a pair = ( , ) in which is a non-empty set and ⊆ 2 ( ) = {{ , }| ≠ ∈ }. If each element of has at most four mates in , then the graph is called a molecular graph. Topological indices are maps from molecular graphs into real numbers, such that this mapping is invariant under graph isomorphisms. These indices are widely used in chemistry for relationship between molecular structures and molecular properties of a given complex (DEVILLERS and BALABAN, 2000) . The Wiener index (WIENER, 1947) and Zagreb group indices (GUTMAN and TRINAJSTIĆ, 1972; GUTMAN and FURTULA, 2003) are some of the most studied topological indices both by chemists and mathematicians. In a similar way as Zagreb group indices, the first and second reformulated Zagreb indices were defined (ILIĆ and ZHOU, 2012) . In addition if is an arbitrary real number except from 0 and 1, then (LI and ZHENG, 2005) introduced the general Zagreb index of a graph. The most important generalization of Wiener index is the hyper-Wiener index (KLEIN et al., 1995) . We will define these graph invariant later. Let = ( , ) be a simple connected graph and , ∈ . The distance between and , ( , ), is defined as the minimum length of a shortest path connecting them. A graph invariant is said to be distance-based if it can be defined by distance function (−, −). The Wiener and hyper-Wiener indices of are defined as follows:
These are the most important distance-based topological indices of a graph.
Suppose is a simple graph and ∈ ( ). The notation ( ) used for the degree of in . A topological index is said to be degree-based if it can be defined as the function (−). The Zagreb and reformulated Zagreb group indices are most important degree-based topological indices of . These topological indices, as well as, the general Zagreb index of are defined as follows:
Here, ~ means that the edges and have a common vertex, the notation ( ) is used for the degree of vertex in and for an edge = , ( ) = ( ) + ( ) − 2 denotes the degree of the edge . It is easy to prove that
It is clear that The aim of this paper is to bring new inequalities, relating , , 1 , 2 , 1 , 2 , and 1 4 . In addition our results correct some minor errors in previous works.
PRELIMINARIES
Let = ( ( ), ( )) be a simple connected graph with vertices and edges, respectively. The diameter of , denoted by ( ), is defined as the largest distance between vertices of . The length of a shortest cycle in is called the girth of , denoted by ( ). If does not contain a cycles, then we set ( ) = ∞. Let be a nonnegative integer. Then ( , ) denotes the number of pairs of vertices in with distance . Note that ( , ) = 0, for every > ( ), and ( , 1) = . It is easy to check that ( , 3) = 2 ( ) − 1 ( ) + − 3ℎ holds when ( ) ≥ 6 , since we conclude from ( ) ≥ 6 that each hexagon in has exactly three pairs of vertices of distance three and so two distinct paths of size three in . Hence,
This observation yields the following lemma;
Lemma 2.2
If is a graph with ℎ hexagons, edges and ( ) ≥ 6, then ( , 3) = 2 ( ) − 1 ( ) + − 3ℎ.
We are now ready to extend this result to the case that has exactly octagons and ( ) ≥ 8. 
MAIN RESULTS

Suppose
( )).
The equality in all four cases will hold if and only if the distance between any two vertices in is not greater than 5 and { ( )| ∈ ( ) and ( ) ≠ 1} = { ′}.
Proof. From what has already been proved in section 2, we have: 
